In all-atom molecular simulation studies of proteins, each atom in the protein is represented by a point mass and interactions are defined in terms of the atomic positions. In recent years, various simplified approaches have been proposed. These approaches aim to improve computational efficiency and to provide a better physical insight. The simplified models can differ widely in their description of the geometry and the interactions inside the protein. This study explores the most fundamental choice in the simplified protein models: the choice of a coordinate set defining the protein structure. A simplified model can use fewer point masses than the all-atom model and/or eliminate some of the internal coordinates of the molecule by setting them to an average or ideal value. We look at the implications of such choices for the overall protein structure. We find that care must be taken for angular coordinates, where even very small variations can lead to significant changes in the positions of far away atoms. In particular, we show that the φ/ψ torsion angles are not a sufficient coordinate set, whereas another coordinate set with two degrees of freedom per residue, virtual C α backbone bond, and torsion angles performs satisfactorily. © 2013 AIP Publishing LLC.
I. INTRODUCTION
It is well known, from numerous statistical analyses of crystallographic protein structures in Protein Data Bank (PDB) 1 that the structure of a protein backbone can be described by a relatively small number of internal coordinates. [2] [3] [4] Only two of the dihedral angles, corresponding to rotations around the main chain N−C α and C α −C bonds, are found to vary significantly. They are known as the Ramachandran angles φ and ψ. 5, 6 But even these two angles are not mutually independent. There are various steric hindrances that exclude many of their combinations. This makes the Ramachandran map 7 an invaluable tool to investigate protein geometry, in particular for structure determination from experimental data. 8, 9 The successful description of protein structures using only the two Ramachandran angles has led to the development of simplified protein models that retain only a subset of the degrees of freedom of the standard all-atom models. One approach is to reduce the number of point masses in the model by having each point mass represent more than one atom. This a) Electronic mail: konrad.hinsen@cnrs-orleans.fr b) Electronic mail: hushuangwei@gmail.com c) Electronic mail: gerald.kneller@cnrs-orleans.fr d) Electronic mail: Antti.Niemi@physics.uu.se procedure is known as coarse-graining and implies defining the force field in terms of the smaller number of points as well. Another approach is to define the protein structure in terms of internal coordinates, some of which are then eliminated by setting them to constant values. These values can be obtained by averaging over the values of the coordinate in a large set of representative protein structures, or by referring to ideal geometries, such as planar peptide groups. In this approach, the force field can remain unchanged or simplified to reflect the reduced number of coordinates. The two approaches can be combined by eliminating internal coordinates from a coarsegrained model. A major driving force behind the development of simplified models is the desire to simulate larger systems for longer times. However, simplified models also promise to lead to new physical insight by identifying the features of a protein model that are essential to reproduce specific phenomena.
The development of coarse-grained protein models is a very active field of research. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] Contrary to the commonly used all-atom models such as CHARMM and AMBER, 21 which are believed to be suitable for studying any quantity that can be obtained from a simulation, a coarsegrained model is typically developed for a specific application, such as protein folding, 13 aggregation, 14 or flexibility analysis. 15 Recent developments include multi-scale coarse-grained models. 16 , 17 The UNRES model is a coarsegrained model with a single point mass per residue, which in addition eliminates the virtual bond length between neighboring residues, leaving two angles per residue as the remaining degrees of freedom. The same coordinate set has been adopted in the soliton based description of Refs. 22-25. For additional examples, we draw attention to Refs. 26-29. An important question to address when using simplified protein models is how well the backbone described by a reduced coordinate set reproduces the full all-atom description. It is not sufficient to show that the eliminated degrees of freedom vary little across the experimentally known protein structures. The variability of a coordinate can be important even if it is numerically small. This is best illustrated with angular coordinates (e.g., bond angles or dihedral angles). A change in an angular coordinate in a protein backbone corresponds to the rotation of all the residues that follow along the peptide chain relative to all those that precede the point of change. Even a small rotation can cause large displacements for atoms that are far away from its axis.
We are not aware of this question having been addressed in evaluations of coarse-grained models. Previous studies have concentrated on verifying that a given model reproduces secondary-structure motifs, with all the tests being performed on short peptides, for which precise reference data is available. The present article addresses structural defects that are due to imprecisions in the internal coordinates and become visible only for long peptide chains. For this we examine various choices of coordinate sets for simplified backbone descriptions and evaluate them according to their capacity for reproducing the initial all-atom structure. We aim to identify those coordinate sets that are sufficient for reproducing protein structures accurately and to understand the limitations of those who do not. We find that many choices, including the popular φ-ψ angles, fail our test for sufficient reconstruction. It follows that such coordinate sets are not suited for defining simplified protein models.
A key aspect of any evaluation of coordinate sets is the criteria used for judging the quality of the reconstruction. An obvious choice is the root-mean-square distance (RMSD) between the original and the reconstructed structure. However, computing this RMSD for a handful of proteins is not a satisfactory approach. The experimental structures in the PDB are not perfect and, therefore, a high RMSD value can indicate either a bad reconstruction or a problem with the initial structure, which could be erroneous or highly untypical. We, therefore, consider a large set of very different protein structures and look at how the RMSD behaves as a function of protein size, measured by the number of amino acid residues. To complement this analysis, we also study the protein's radius of gyration as a function of protein size.
Finally r The asymmetric unit contains a single peptide chain.
Proteins consisting of multiple chains require additional coordinates to describe the relative location of the chains, but such coordinates are not the topic of our study. The set of structures satisfying these criteria was further reduced in size by selecting a subset in which each pair has at most 20% sequence identity. The precise set of PDB codes entering into our computations is available in the supplementary material.
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B. Geometry
In the following we consider a peptide chain consisting of N residues labeled i = 1, . . . , N. We retain only the three atoms −N−C α −C− of each residue, which make up a single linear chain. We label the atoms along this chain by k = 0, . . . , K, starting at the N terminus and denote their Cartesian coordinates by s k . Note that K = 3N − 1. The bond lengths along the chain are given by
At each s k , we introduce an orthonormal right-handed discrete Frenet frame (t k , n k , b k ) defined by
Using these frame vectors, we define the backbone bond angles κ k and dihedral angles τ k as (see also Fig. 1 ),
Note that our κ is the complement of the conventional 2 bond angle ζ , i.e.,
Conversely, if all bond and torsion angles (κ k , τ k ) are known, the Frenet frames can be reconstructed iteratively as follows:
Once all the frames are known, the reconstruction of the entire backbone proceeds as follows:
For a more detailed discussion of the properties of the transfer matrices, see Ref. 32 .
In addition to the all-atom model discussed above, in which the backbone is represented by three atoms per residue, we also consider a model consisting only of the C α atoms, linked by "virtual bonds" into a linear chain. We treat this chain exactly like the all-atom chain, describing its geometry in terms of bond lengths, bond angles, and dihedral angles.
We note that the construction presented here is dependent on the choice of Frenet framing and as such it is not unique. 32 Alternatively, local bases can be defined through recurrent rigid molecular structures along the protein backbone. This concept is used in the ScrewFit algorithm, 33, 34 where the protein backbone is described by a series of screw motions relating consecutive C-O-N peptide planes. The screw parameters are constructed through quaternion-based superposition fits. 35 , 36 The present analysis can be readily integrated into such a framework, and this generalization forms a basis for future research.
C. Structure
For each i = 1, . . . , N the corresponding peptide plane is spanned by the three covalently bonded atoms C
Definition of Ramachandran angles (φ, ψ, ω) and the corresponding bond angles (κ 1 , κ 2 , κ 3 ) along a protein backbone and around one C α atom. Also shown is the corresponding side-chain centroid and the two peptide planes adjacent to the C α together with the corresponding backbone atoms.
Note that the present definition of bond angles deviates by κ a → π − κ a from the common definition. 2 and N (i + 1) ; see Fig. 2 . The local configuration of the peptide plane is defined by the bond lengths
, and
); the bond angles κ
, and κ
); and the dihedral angles, for which we use the standard Ramachandran notation (φ i , ψ i , ω i ). These definitions are illustrated in Fig. 2 .
For a protein backbone, only the Ramachandran angles (ψ, φ) have substantial variations, which are described by the Ramachandran map. [5] [6] [7] The bond angles and the bond lengths show only small variations around their average values. We show their distributions as computed from our set of PDB structures in Figures 3 and 4 . We add one more coordinate which we will use later, the distance between two neighboring C α atoms along the chain. The peptide bond dihedral angle ω differs from the other coordinates because it has a bi-modal distribution, shown in Fig. 5 . In the majority of residues, it adopts the so-called trans configuration with values near π , but for some residues, which are most often prolines, it has a cis configuration with values near 0.
D. Reconstruction and evaluation
Together with the Ramachandran angles φ and ψ, the angles and bond lengths shown in Figures 3-5 form a complete set of internal coordinates for the backbone atoms −N−C α −C−. Clearly, the Cartesian backbone coordinates provided by the PDB entries can be fully reproduced from the local values of the internal coordinates. This can be explicitly confirmed, using the PDB data: One first evaluates the various angles and bond lengths from the Cartesian PDB coordinates, using (1)-(6), for each individual atom. One then reconstructs the Cartesian PDB coordinates from these angles and bond lengths, using (9). The results coincide, the worst-case RMSD between the original and the reconstructed backbone being 2 × 10 −6 Å. This shows that the full set of internal coordinates, i.e., the angles and bond lengths displayed in Figures 3-5 , indeed form a complete set of variables.
In the majority of today's molecular simulation methods, proteins are represented by an all-atom model with an associated energy function expressed in terms of the Cartesian coordinates. All the bond lengths, bond angles, and dihedrals defined above are usually retained as degrees of freedom. However, one is often not interested in following all those degrees of freedom, whose explicit treatment entails a significant computational cost. This has motivated the development of numerous simplified models, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [22] [23] [24] [25] [26] [27] [28] [29] [30] which eliminate some of the internal coordinates by fixing them to their averaged values.
An important question in the development and application of such coarse-grained models is whether the local and global configuration of the protein is well represented. This question is particularly important when degrees of freedom are completely eliminated from a simulation method, such that a Cartesian representation is not even available during the simulation for inspection. Our approach is to reconstruct the Cartesian atomic coordinates explicitly from each set of reduced coordinates and to compare the result with the original protein structure from the PDB.
We start with the Cartesian coordinates s k from the PDB structures and compute from the values of all the internal coordinates. Next, for any of the coordinate subsets we analyze, we set the eliminated coordinates to their average values from Figures 3 and 4 . For the peptide-bond dihedral angle ω we use a special treatment because of its bi-modal distribution: we set it to π if it is in trans-configuration in the input structure and to 0 otherwise. We then reconstruct the Cartesian coordinates from the internal ones. Finally, we compare the original Cartesian coordinates to the reconstructed ones after applying the rigid-body transformation that minimizes the root-meansquare distance between the two configurations.
For evaluating a given coordinate set we use two measures. The first measure is the RMSD between the original and the reconstructed Cartesian configuration, analyzed as a function of N, the number of residues in the protein. The second measure is the scaling of the radius of gyration of the reconstructed configuration with increasing N. The radius of gyration is defined as [37] [38] [39] [40] 
It has the asymptotic behavior
Here, R 0 is the form factor that characterizes the length scale in the large-N limit, δ 1 , etc., are critical exponents, and the subsequent amplitudes R 1 , etc., parametrize finite-size corrections. The compactness index ν and the critical exponents δ 1 , etc., are universal quantities [41] [42] [43] [44] [45] [46] But the amplitudes R 0 , R 1 , etc., are not universal, 45 they can be computed, in principle, from the atomic structure of the protein and the solvent plus environmental details such as the temperature, acidity, and other physical and chemical factors.
The compactness index ν coincides with the inverse Hausdorff dimension of the point set s i , in the N → ∞ limit. It characterizes the geometric structure of the point set as a fractal: Different values of ν correspond to different fractal geometries.
Since the end-to-end distance of a chain scales with the same critical exponent ν, 45 ν 1 and ν 2 , starting from the same space point s 0 will diverge from each other according to
in the limit when N becomes large. Each different fractal geometry can be interpreted as a distinct phase of the chain. Therefore, if a reduced coordinate set yields a ν value different from the one for the PDB structures, it fails to reproduce the fractal geometry, i.e., the phase structure of proteins. For the PDB configurations in our set, we find
when using all backbone atoms and
when using only the C α atoms. From (11) we conclude that the slight difference in the values of ν between (12) and (13) can be understood in terms of a finite scaling effect: the number of atoms N in the all-atom relation (12) is larger than in the C α case (13) . In the following we compute all R g values using the C α atoms because we want to use the same measure for all-atom and C α model coordinate sets.
III. RESULTS
The two measures we use to evaluate the quality of a backbone reconstruction are shown in Fig. 6 (RMSD) and Fig. 7 (radius of gyration) .
First, we look at the consequences of eliminating bond lengths, both in the all-atom model and in the C α model. The C α model with constant bond lengths has been used in the UNRES coarse grained force field [18] [19] [20] and in the soliton description of folded proteins. [22] [23] [24] The RMSD between the original configurations and those reconstructed after setting the bond lengths to the average values from Fig. 3 increases when moving from small to medium-size proteins, but for large N, it stabilizes in a region between 0.01 and 0.04 nm. The same construction for the C α model yields slightly larger RMSDs for most of the PDB entries we consider and moderately larger values for the remaining ones. With very few exceptions, the RMSD does not exceed 0.1 nm. The radii of gyration (Figs. 7(a) and 7(b) ) for both fixed-bond-length coordinate sets are visually indistinguishable from those of the original PDB structures and reproduce the asymptotic power law given in Eq. (13) .
The next coordinate set we study consists of only the two Ramachandran angles ψ i and φ i . All bond lengths, all bond angles, and the dihedral angles ω i are set to their average values. Figure 6 shows that this coordinate set leads to significantly higher RMSDs, which reach 3 nm even for moderate protein sizes. The radius of gyration (Fig. 7(f) ) also differs significantly and its asymptotic form of
shows that the fractal geometry of the protein structures is not correctly reproduced. The estimate for the Hausdorff dimension d H ∼ 2.34 suggests that instead of the collapsed structures that exhibit an essentially space-filling geometry with asymptotic value d H ≈ 3, the reconstructed structures are closer to random walks, for which the asymptotic value is d H = 2. We conclude that the Ramachandran angles φ and ψ are not sufficient for reconstructing the original backbone, except for very short chains. We also note that our φ-ψ model takes into account the cis/trans configuration of the peptide plane, i.e., it includes one binary variable per residue in addition to the two continuous ones. If this precaution is not taken, backbone reconstructions from a φ-ψ model are even worse.
To illustrate how far the reconstructed conformation can be from the original one, and indeed from anything one would consider a folded protein, we show in Fig. 8 the PDB structure 2OVU (a lectin) and its reconstruction from a φ-ψ coordinate set. In the PDB structure, many residues have significantly non-planar peptide groups, and the N-C α -C bond angle κ 1 deviates significantly from its average in about 10% of the FIG. 8. The PDB structure 2OVU (green) and its reconstruction from a coordinate set in which only the Ramachandran angles φ and ψ are variable. The large deviations are due to a large number of torsion angles ω and bond angles κ 1 having values far from the average values. It is necessary to retain both ω and κ 1 as variable in order to obtain a reconstruction that is recognizable as a folded protein.
In moving from a coordinate set with set bond lengths (six coordinates per residue) to the φ-ψ coordinate set (two coordinates per residue), we have eliminated the three bond angles and the dihedral angle ω of the peptide plane, i.e., the coordinates whose distribution is shown in Figures 4 and 5 , which has significantly reduced the quality of the reconstruction. An analysis of the specific case of 2OVU has shown that the critical coordinates for that structure are the dihedral angle ω and the bond angle κ 1 . Figure 4 suggests the same two candidates. The bond angle κ 1 , whose central atom is the C α , has a much larger standard deviation than the bond angles κ 2 and κ 3 . The peptide group dihedral angle ω shows infrequent but important deviations from the mean.
As an intermediate choice, we thus consider a set of four coordinates per residue: the three dihedral angles and the bond angle κ 1 . Figures 6 and 7(c) show that this coordinate set leads to significantly higher RMSD deviations but rather similar radii of gyration; we find an asymptotic behavior of
For applications that require credible but not necessarily precise protein structures, this coordinate set may be an acceptable compromise. It remains to be verified for our full set of structures if ω and κ 1 can be eliminated individually. Figures 6, 7(d) , and 7(e) show that each of these variables introduces similar amounts of RMSD deviation and R g increase when set to its average value. In both cases, one observes a significant number of structures, in particular for large N, for which R g is so much higher than in the PDB structure that the protein would be considered partially unfolded.
IV. CONCLUSION
We have presented a detailed investigation of protein backbone reconstruction using various subsets of the internal coordinates as putative dynamical variables. Both the RMS distance between the original and reconstructed conformations and the scaling properties of the radius of gyration have been used as evaluation criteria. In particular, since the scaling behavior of the radius of gyration relates to the fractal (Hausdorff) dimension of the ensuing point set, a difference implies that the fractal geometries, and thus the phase structures, are dissimilar.
Starting from an all-atom representation of the protein backbone, with three atoms and nine degrees of freedom per amino acid residue, we have shown that the three bond lengths can be safely replaced by their average values, reducing the number of coordinates to six per residue. Two of the bond angles, κ 2 (C α -C-N) and κ 3 (C-N-C α ) can be eliminated as well if the precision requirements for the backbone reconstruction are not very high. The three dihedral angles φ, ψ, and ω, as well as the bond angle κ 1 (N-C α -C), must be retained as kinematic variables. While this is generally recognized for the dihedral angles φ and ψ, numerous computational protocols have been proposed for studying proteins that consider ω and κ 1 uninteresting variables that should be eliminated. This can be done safely when the reduction to φ-ψ angles is done at an analysis stage, with a larger coordinate set being retained in the kinematic description of the protein. A typical example is the use of Ramachandran plots to judge the quality of a protein structure. However, as our results show, a kinematic description reduced to these coordinates leads to significant deviations from the original structures and, in particular for long sequences, to structures that no longer represent folded proteins.
We have also shown that an alternative model exists that also has two degrees of freedom per residue, but in contrast to the φ-ψ model permits an accurate representation of protein structures. This model is based on a coarsegrained description in terms of only the C α atoms in which the C α -C α distances are fixed at their average value. In the Appendix we provide additional information about the mathematical relation between the two sets of two coordinates per residue.
Our analysis has shown the importance of even small variations in angular coordinate for an accurate description of a macromolecular structure in terms of internal coordinates. Although this phenomenon can be understood by simple geometrical arguments, we have not seen it discussed before in the context of coordinate set choices for proteins.
While we have looked only at the description of individual static protein structures, our findings also have implications for simulation protocols such as energy minimization or molecular dynamics simulations, in which a given structure is modified by a succession of very small steps. A frequently used technique to speed up such simulations is torsion-angle dynamics, [47] [48] [49] [50] [51] which consists of using mechanical constraints to freeze all degrees of freedom except for the torsion angles φ and ψ in an all-atom model. The other degrees of freedom thus keep their initial values during the simulation. Unless it is known a priori that a given internal coordinate cannot change during the process being simulated, it must be assumed that it can vary and our results then show that this variation, even if it is very small, can lead to important changes in the overall protein structure. Indeed, it has been shown earlier 52 that molecular dynamics in φ-ψ space inhibits motions such as helix bending that can be of biological relevance.
An ActivePaper 53, 54 containing all the software, input datasets, and results from this study is available as supplementary material. 55 The datasets can be inspected with any HDF5-compatible software, e.g., the free HDFView. 56 Running the programs on different input data requires the ActivePaper software.
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APPENDIX: RELATION BETWEEN φ/ψ ANGLES AND VIRTUAL C α BACKBONE BOND AND TORSION ANGLES
In this work we have shown that the virtual C α backbone bond and torsion angles are a sufficient coordinate set for reconstructing the original fractal protein geometry in terms of the Hausdorff dimension, while the Ramachandran angles φ and ψ are not. There is a geometric difference between these two coordinate sets: the topology of bond and torsion angles is that of a sphere S 2 , while the Ramachandran angles are coordinates on a torus T 2 . However, for a discrete set of points such as protein backbone atoms, this difference is not pertinent. Since in a protein the number of virtual C α backbone bond and torsion angles coincides with the number of the Ramachandran angles, it is interesting to construct an explicit mapping between the two sets of variables, which we do in the following. This issue has been previously addressed in Ref. 30 ; the present Appendix serves as a complement to the results discussed there.
The computation of the virtual backbone bond and torsion angles in terms of the Ramachandran angles proceeds as follows. First, the tangent vectors T k for the C α model, defined by applying Eq. (2) to the C α coordinates, are evaluated using the average values given in Figures 3-5 for the bond angles κ a, k , the third Ramachandran angle ω k , and for the C α -C α bond lengths Remarkably, the range of values for θ k that can be obtained by varying φ and ψ is not the full range allowed geometrically, θ k ∈ [0, π ]. The minimum of the r.h.s. in Eq. (A1) occurs when φ and ψ have the value π , whereas the maximum corresponds to φ = ψ = 0. This implies that for the virtual bond angles, the accessible range is
However, this range includes the statistical distribution of θ values found in the PDB and consequently it is not a restriction in practice. For the virtual torsion angles γ k ∈ [−π , π ) mod 2π we find a somewhat elaborated relation to the Ramachandran angles. First, we note that
The pertinent version of (7) is applied, to express T k+1 in terms of the kth Frenet frame, and use is made of (A1) and the average values of the internal coordinates. We obtain
